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Abstract 

Let C be a locally convex subset of a negatively curved Rieinannian manifold M . 
We define the skinning measure ac on the outer unit normal bundle to C in M by 
pulling back Patterson-Sullivan's measures at infinity, and give a finiteness result of 
<JC, generalising the work of Oh and Shah, with different methods. When finite, we 
prove that the skinning measures of the equidistant hypersurfaces to C equidistribute 
to the Bowen-Margulis measure on T^M , assuming only it is finite and mixing for the 
geodesic flow. Under additional assumptions on the rate of mixing, we give a control 
on the rate of equidistribution. 

1 Introduction 

Let M be a complete connected Riemannian manifold with sectional curvature at most 
— 1. For any proper nonempty properly immersed locally convex subset C of M and t > 0, 
let Tit be the (Lipschitz) submanifold of T^M that consists of images by the geodesic flow 
at time t of the outward-pointing unit normal vectors to the boundary of C (see Section [2] 
for precise definitions). 

If M has constant curvature and finite volume and if C is an immersed totally geodesic 
submanifold of finite volume, then we showed in |PPH Thm. 3.2.] that the Riemannian 
measure of equidistributes to Liouville's measure of T^M (which is the Riemannian 
measure of the Sasaki metric of T^M). This result also follows from the equidistribution 
result of Eskin and McMullen \EM\ Thm. 1.2] in affine symmetric spaces, see |PP3l §4] for 
details. 

In this paper, we generalise the above result when C is no longer required to be totally 
geodesic and when M has variable curvature. Though the methods of locally homogeneous 
spaces as in |EM| are then completely not applicable, the strategy of |PP1| remains helpful. 
Both the measures on T^M and on need to be adapted to variable curvature. 

The measure on T^M we will consider (when M is non elementary and its fundamental 
group has finite critical exponent) is the well-known Bowen-Margulis measure tubm (see 
|Rob2| for a nice presentation). It coincides with Liouville's measure (up to a multiplicative 
constant) when M is locally symmetric with finite volume (see for instance |PP3t §7] when 
M is real hyperbolic). It is, when finite and normalised, the unique probability measure 
of maximal entropy for the geodesic flow on T^M (see |Mar2| and |Bowe| when M is 
compact, and |0P| under the only assumption that m-BM is finite). The Bowen-Margulis 
measure is finite for instance when M is compact, or when M is geometrically finite and 
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the critical exponent of its fundamental group is strictly bigger than the critical exponents 
of its parabolic subgroups (as it is the case when M is locally symmetric), by [DOPj . By 
|Bab| Thm. 1], the Bowen-Margulis measure, when finite, is mixing if the length spectrum 
of M is not contained in a discrete subgroup of R. By [DalU IDal2| . this condition holds 
for instance when M is 2-dimensional or locally symmetric, or if its fundamental group 
contains a parabolic element. 

The measure on St we will consider is the skinning measure that we introduce under 
this generality in this paper (see Section [3]) , as an appropriate pushforward to of the 
natural measures at infinity of the universal cover of M. It scales by e'^*, where 6 is the 
critical exponent of M, under the geodesic flow map from to S^+t- When C is an 
immersed horoball, is a leaf of the strong unstable foliation of the geodesic flow on 
T^M, and the skinning measure on is simply the conditional measure of the Bowen- 
Margulis measure on this leaf (see for instance |Mar3t [Rob2| ). When M is geometrically 
finite with constant curvature, and when C is an immersed ball, horoball or totally geodesic 
submanifold, the skinning measure on has been introduced by Oh and Shah |0S1[[0S2] . 
who coined the term, with beautiful applications to circle packings, and coincides with the 
Riemannian measure up to a multiplicative constant (see |PP3| §7] for a computation of 
the constant) when furthermore M has finite volume. When the intersection of with the 
nonwandering set of the geodesic flow of T^M is compact, the skinning measure is finite. 

When M is geometrically finite, generalizing (and giving an alternative proof of) The- 
orem 5.2 (2) in |0S1| which assumes the curvature to be constant, we give in Theorem [9] a 
sharp criterion for the finiteness of the skinning measure, by studing its decay in the cusps 
of M. This decay is analogous to the decay of the Bowen-Margulis measure in the cusps, 
which was first studied by Sullivan |Sul| who called it the fluctuating density property 
(see also |SVj and |HP21 Theo. 4.1]). The criterion, as in the case of the Bowen-Margulis 
measure in |DOP| . is a separation property of the critical exponents. 

The following theorem is a simplified version of the main result of this paper. In the 
more general result. Theorem [T7] in Section [5l we replace Tit by where il. is an open 
set of outward-pointing unit normal vectors to dC with finite nonzero skinning measure. 

Theorem 1 Let M be a nonelementary connected complete Riemannian manifold with 
pinched negative sectional curvature. Assume that the Bowen-Margulis measure on T^M 
is finite and mixing for the geodesic flow. Let C he a proper nonempty properly immersed 
locally convex subset of M with finite nonzero skinning measure. Then as t tends to +oo, 
the skinning measure on equidistributes to the Bowen-Margulis measure on T^M. 

When C is an immersed ball or horoball, then this result is due to Margulis when M 
has finite volume, see for example {Mar3| and to Babillot |Babl Theo. 3] and Roblin |Rob2| 
under the weak assumptions of Theorem 1. Many ideas of our proof go back to |Marl| . 
See also |Sch| IMarkl \K0\ IKim] for other results on the equidistribution of horospheres and 
applications. 

For instance, it follows from Theorem[T]that when M is a compact Riemannian manifold 
with negative sectional curvature, when C is the image in M of the convex hull of the limit 
set of a convex-cocompact subgroup of the covering group of a universal cover of M, then 
the skinning measure on equidistributes to the Bowen-Margulis measure on T^M. But 
we make no compactness assumption in our theorem, only requiring the finiteness of the 
measures under consideration. The main tool is a general disintegration result of the 
Bowen-Margulis measure over any skinning measure (see Proposition [8]) . 
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We also give (see Section [H]) estimates on the rate of equidistribution in the previous 
result, under assumptions on the rate of mixing of the geodesic flow. When M is locally 
symmetric and arithmetic, the rate of mixing of the geodesic flow for sufficiently smooth 
functions is exponential, by the work of Kleinbock and Margulis |KMH Theo. 2.4.3] and 
Clozel |Clol Theo. 3.1]. When the curvature is variable, the appropriate regularity is 
the Holder one. The rate of mixing of the geodesic flow for Holder-continuous functions 
is exponential if M has dimension 2 by the work of Dolgopyat |Dol| or if M is locally 
symmetric (without the arithmetic assumption) by |Sto| Coro. 1.5] (see also |Liv| when M 
is compact, the result stated for Liouville's measure should extend to the Bowen-Margulis 
measure) . 

Theorem 2 Under the hypotheses of Theorem [IJ if the geodesic flow of T^M is mixing 
with exponential speed, then the skinning measure at of T,t equidistrihutes to the Bowen- 
Margulis measure with exponential speed. 

More precisely, if the geodesic flow of T^M is mixing with exponential speed for Holder 
continuous functions with given Holder exponent a, then there exists r > such that for 
every G '1^^{T'^M), as t tends to +oo. 



In |PP2| . we will use the tools introduced in this paper to study counting results of 
common perpendicular arcs between locally convex subsets in variable negative curvature. 
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when this work was completed. The second author thanks the ETH in Zurich for frequent secret 
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2 Geometry, dynamics and convexity in negative curvature 

In this section, we review briefly the required background on negatively curved Riemannian 
manifolds, seen as locally CAT(— k) spaces, using for instance [BH] as a general reference, 
and their unit tangent bundles and geodesic flows. We introduce the geometric fibred 
neighbourhoods of the outer unit normal bundle of the boundary of a convex subset that 
will be used in what follows. 

Geometry and dynamics. Let M be a complete simply connected Riemannian manifold 
with sectional curvature bounded above by —1, and let xq G M. Let F be a discrete, 
nonelementary group of isometrics of Af^ and let us denote the quotient^space of M under 
r by M = T\M. We denote by d^oM the boundary at infinity of M (with its usual 
Holder structure), by AT the limit set of V and by "^AF the convex hull in M of AF. For 
every e > 0, we denote by jV^A the closed e-neighbourhood of a subset A of M, and by 
convention J\^qA = A. 

For any point ^ G dooM, let : [0, +00 [—t- M be the geodesic ray with origin xq and 
point at infinity ^. The Busemann cocycle of M is the map : M x M x dooM — t- M 
defined by 




{x,y,0 ^ l3^{x,y) = lim d{p^{t),x) -d{p^{t),y) . 
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The above limit exists and is independent of xq. If y is a point in the (image of the) 
geodesic ray from x to ^, then /3^{x,y) = d{x,y). Tlie Buscmann cocycic satisfies 

P-yd'y^^'yy) = l^d^^v) and I3^{x,y) + ^^{y,z) = l3^{x,z) , (1) 

for all ^ G dooM, all x,y,z G M and every isometry 7 of M. The visual distance d^g (based 
at xo) on dooM is the distance defined by 

d^^^ (^, ri) = e-hi^(^'^o,y)+M^o,y)) (2) 

for any y in the geodesic line between and rj if ^ ^ rj, and d^^i^,, ??) = if = 77. 

The unit tangent bundle T^N of a complete Riemannian manifold can be identified 
with the set of locally geodesic lines £ : R ^ N in N, endowed with the compact-open 
topology. More precisely, we identify a locally geodesic line i and its (unit) tangent vector 
£(0) at time t = and, conversely, any v € T^N is the tangent vector at time t = of a 
unique locally geodesic line. We will use this identification without mention in this paper. 
We denote by tt : T^N N the basepoint projection, which is given by 7r(£) = ^(0). 

The geodesic flow on T'^N is the dynamical system (5*)t6R, where g^l {s) = i{s + 1), for 
all £ G T^N and s,t G M. The isometry group of M acts on the space of geodesic lines in 
M by postcomposition: (7, £) j o £, and this action commutes with the geodesic flow. 

When r acts on M without fixed point, we have an identification T\T^M = T^M. 
Even in the general case with torsion, we denote by T^M the quotient space V\T^M. We 
use the notation {g^)t&. also for the geodesic flow on T^M (induced by the geodesic flow 
on T'^M by passing to the quotient). 

We denote by l : T^M T^M the antipodal (flip) map v i-^ —v, and we again denote 
by i : T^M T^M its quotient map. We have lo = g~^ o i. 

For every unit tangent vector v G T^M, let v- = v{—oo) and v+ = v{+oo) be the 
two endpoints in the sphere at infinity of the geodesic line defined by v. Let d'^M be 
the subset of dooM x dooM which consists of pairs of distinct points at infinity. Hopf's 
parametrisation of T^M is the identification of f G T^M with the triple {v-,v+,t) G 
X R, where t is the signed (algebraic) distance of Tr{v) from the closest point Pv,xo 
to a;o on the (oriented) geodesic line defined by v. This map is a homeomorphism, the 
geodesic flow acts by g^{v^,v^,t) = {v^,v+,t + s) and, for every isometry 7 of M, the 
image of ^yv is {'yv-,'yv+,t + t^^y), where t^^y is the signed distance from 'ypv,xo to p-yv,xo- 
Furthermore, in these coordinates, the antipodal map l is {v-,v^,t) 1— )• {v+,V-, —t). 

The strong stable manifold of v G T^M is 

W^^{v) = {v' G T^M : d{v{t),v' {t)) ^ as i ^ +00}, 

and the strong unstable manifold of v is 

W^'^iv) = {v' G T^M : d{v{t), v'{t)) ^ as i ^ -00}, 

The union for t G M of the images under g^ of the strong stable manifold of f G T^M is 
the stable manifold W^{v) = \J^^^g''^W^^{v) of v, which consists of the elements v' G T^M 
with v'^ = V-^. Similarly, the union of the images under the geodesic flow at all times of the 
strong unstable manifold of v is the unstable manifold W^{v) of v, which consists of the 
elements v' with v'_ = V-. The strong stable manifolds, stable manifolds, strong unstable 
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manifolds and unstable manifolds are the (smooth) leaves of Holder-continuous foliations, 
invariant under the geodesic flow and the isometry group of M, denoted by W^^^ W^, yf^^ 
and respectively. The maps from M x W^^{v) to W^{v) defined by (s,u') i— )• g'^v' and 
from M X W^^{v) to W^{v) defined by {s,v') i— t- g^v' are smooth diffeomorphisms. 

The images of the strong unstable and strong stable 
manifolds of u G T^M under the basepoint projection, de- 
noted by H_{v) = t:{W''^{v)) and H+{v) = niW^v)), are 
called, respectively, the unstable and stable horospheres of 
V, and are said to be centered at V- and f+, respectively. 
The unstable horosphere of v coincides with the zero set 
of the map x i— f-{x) = f3y_{x,7r{v)), and, similarly, 
the stable horosphere of v coincides with the zero set of 
X I—)- f+ix) = (3i,^{x,7t{v)). The corresponding sublevel sets 
HB_{v) = flH] - 00,0]) and HB+{v) = f^\] - oo,0]) 
are called the horoballs bounded by H-{v) and H^{v). 
Horoballs are (strictly) convex subsets of M. 

For every w G T^M, let d^^aa(^^^ be Hamenstddt's distance on the strong stable leaf of w, 
defined as follows (see [Ham], |HPH Appendix], as well as |HP31 §2.2] for a generalisation 
when the horosphere H^{w) is replaced by the boundary of any nonempty closed convex 
subset): for ah v,v' G W^^{w), 

dwssM{v,v')= lim e3^(^(-*)' '''(-*))-* . 

This limit exists, and Hamenstadt's distance is a distance inducing the original topology on 
W^^{w). For all v, v' G W^^{w) and for every isometry 7 of M, we have (i^^as(^^)(7t>, 'jv') = 




d 



{v,v'). By the triangle inequality, for all v,v' G W^^{w), we have 



For all w G T^M, s G M and v, v' G W^^^w), we have 

dw--ig'w){a''v,g''v') = e~''dw^^{w){v,v') ■ 



(3) 



(4) 



A usual distance d on T^M is defined, for all v,v' G T^M, by 
d{v,v') = -^ [ d{v{t),v'{t))e-^^ dt . 



This distance is invariant under the group of isometrics of M and the antipodal map. Also 
note that for all s G M and v G T'^M, we have 

d{g'v,v) = s. (5) 

Lemma 3 There exists c > such that for all w G T^M and v,v' G W'^^{v), we have 

d{v, v') <c v') . 
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Proof. We may assume that v 7^ v' . By the convexity properties of the distance in M, the 
map from M to M defined by 1 1— )• d{v{t),v' (t)) is decreasing, with image ]0, +oo[. Let 5 G M 
be such that d{v{S),v' (S)) = 1. For every t < S, let p and j?' be the closest point projections 
of v{S) and v'{S) on the geodesic segment [v(t),v' (t)]. We have d{p,v{S)),d{p,v' (S)) < 1 
by comparison. Hence, by convexity and the triangle inequality, 

divit),v'it))>divit),p)+d{p',v'{t)) 

> d{v{t),v{S)) - 1 + d{v'{t),v'{S)) - 1 = 2(5 - t - 1) . 

Thus by the definition of Hamenstadt's distance (iiyssj-^), we have 

dw--{w){v,v') > e^~^ . (6) 

By the triangle inequality, if t < S", then 

d{v{t),v'{t)) < d{v{t),v{S)) + d{v{S),v'{S)) + d{v'{S)),v\t) = 2{S-t) + l. 

Since M is CAT(— 1), if t > S", we have by comparison 

d{v{t),v'{t)) < e^-* d{v{S),v'{S)) = e^-* . 

Therefore, by the definition of the distance d on T^M, 

/S r+oo 
{2{S -t) + l) e~*' dt+ e^"* e~*' dt = O(e^) . 
-00 Js 

The result hence follows from Equation ([6]). □ 

Convexity. Let C be a nonempty closed convex subset of M. We denote by dC the 
boundary of C in M and by dooC its set of points at infinity (the set of endpoints of 
geodesic rays contained in C). Let Pc ■ M U (dooM — dooC) — )• C be the (continuous) 
closest point map: if ^ G dooM — dooC, then Pc{S,) is defined to be the unique point in C 
that minimises the map x 1— )• f3^{x,xo) from C to M. For every isometry 7 of M, we have 

Let d^C be the subset of T^M consisting of the geodesic lines t> : R — )• M with 
v{0) e dC, v+ i dooC and Pc{v+) = v{{)). Note that T:{d\C) = dC and that for every 
isometry 7 of M, we have d}^{'^C) = ^d}^C. In particular, d\C is invariant under the 

isometrics of M that preserve C. When C = HB_{v) is the unstable horoball of v G T^M, 
then d\_C is the strong unstable manifold W^^{v) of v, and similarly, W^^{v) = i d}^HB^(v). 

The restriction of Pq to dooM — dooC (which is not necessarily injective) has a unique 
lift to a homeomorphism 

i^Pc : dooM - docC ^ die 

such that vr o uPq = Pc- The inverse of i^Pc is the endpoint map f 1— )■ W4. from d^C to 
dooM — dooC. In particular, d^C is a Holder submanifold of T^M. For every s > 0, the 
geodesic flow induces a homeomorphism : d^C d^^gC. For every isometry 7 of M, 
we have vP'yC 07 = 70 i^Pc- When C has nonempty interior and C^'^ boundary, then 
d]C is the Lipschitz submanifold of T^M consisting of the outward-pointing unit normal 
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vectors to dC, and the map Pq itself is a homeomorphism (between d^oM — d^oC and dC). 
This holds, for instance, by |Wal| . when C is the closed r^-neighbourhood of any nonempty 
convex subset of M with > 0. 

We now define a canonical fundamental system of neighbourhoods, of dynamical origin, 
of these outer unit normal bundles of boundaries of convex sets. 

Let us define 

Uc = {ve T'M : v+ i d^C} . (7) 

Note that Uc is an open subset of T^M, invariant under the geodesic fiow, which is empty 
if and only if C = M, and is dense in T^M if the interior of dooC in dooM is empty. We 
have U^c = lUc for every isometry 7 of M, and in particular Uc is invariant under the 
isometrics of M preserving C. 

Define a map fc '■ Uc — >• d}^_C, as the composition of 
the map from Uc onto dooM — dooC sending v to f+ and 
the homeomorphism vPc from dooM — dooC to d\C. The 
map fc is a Holder-continuous fibration as the composi- 
tion of such a map with the Holder-continuous homeomor- 
phism uPc- The fiber oi w £ d^C is exactly its stable leaf 
W^{w) = {f G T^M : = w^}. In particular Uc is the 
disjoint union of the leaves W^{w) for w G d}^C. 

For every isometry 7 of M, we have f^c 07 = 70 fc. For every t G M, we have 
f,AiC = 9^ ° fc Bind fc°g^ = fc- 111 particular, the fibration fc is invariant under the 
geodesic fiow. 

Let T],R>0. For ah w G T^M, let 




Vn,,R = W G W'%w) : dwss^^)iv',w) < R} 



(8) 



be the open ball of radius R centered at w for Hamenstadt's distance in the strong stable 
leaf of w, and 

V,n,v,R = {v (^W%w) : 3v' gV^^r, 3s£]-r],r][, g'v' = v} 



U fV^,R= U 

se]-ri,ri[ 



Vr 



This last equality follows from the fact that, by Equation (jU, we have g^V^^R. 



g'^w, e~''R 



for every s G M. For every isometry 7 of M, we have ^Vw,r = V^w,R and ^Vw,ri,R = 
y'yw,r],R- The map from ]—?/,?/[ 'xVw^r to Vw,r^,R defined by {s,v') ^ g^v' is a homeomor- 
phism. 

For every subset oi d}^C, let 

which is an open neighbourhood of in T^M if is open 
in d\C. For every isometry 7 of M and every t > 0, we 
have j'fri,Ri^) = 'fn,R{l^) and 
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These thickenings 1^ are nondecreasing in rj and in R and their intersection is fi. 

Furthermore, we have 

U rr,,R{dlc) = Uc. 

ri>0 
R>0 

The restriction of fc to jj(il) is a fibration over fi, with fiber of id E O the open subset 
^w,rj,R of the stable leaf of w. 



3 Patterson, Bowen-Margulis and skinning measures 

Let M, T,xq,M and T^M be as in the beginning of Section[2j In this section, we first review 
some background material on the measures associated with negatively curved manifolds 
(for which we refer to |Rob2| ). We then define the skinning measure associated to any 
nonempty closed convex subset, generalising the construction of [OS H [0S2] . and we prove 
some basic properties of these measures, as well as a crucial disintegration result. Given a 
topological space X, we denote by ^d^) the space of real-valued continuous functions on 
X with compact support. 

Let r > 0. A family (fJ-x)^^^ of nonzero finite measures on dooM whose support is the 
limit set AT is a Patterson density of dimension r for the group T if it is F-equivariant, 
that is, if it satisfies 

7*/^x = i^^x (9) 

for all 7 E r and x E M, and if the pairwise Radon-Nikodym derivatives of the measures 
for x E M exist and satisfy 



^(^^) = e-^f'd-^y) (10) 



for ah x,y £ M and E d^cM. 
The critical exponent of T is 



5r = lim — log Card{7 E T : ci(xo, 7x0) < n}. 

n— >+cxD n 

The above limit exists and is positive, see jRobl) , and the critical exponent is independent 
of the base point xq used in its definition. We assume that 5r is finite, which is in particular 
the case if M has a finite lower bound on its sectional curvatures (see for instance |Bowd| ). 
We say that T is of divergence type if its Poincare series Pr{s) = X^^gr 6"*'^'-^°''*'^°-* diverges 
at s = 5r- 

Let {px)xi^M ^ Patterson density of dimension 6r for T. The Bowen-Margulis measure 
ffi-BM for r on T^M is defined, using Hopf's parametrisation, by 

The Bowen-Margulis measure is independent of the base point xq, and its support is (in 
Hopf's parametrisation) (AT x AF — A) x M, where A is the diagonal in AF x AF. It is 
invariant under the geodesic fiow and the action of F, and thus it defines a measure rriBM 
on T^M, invariant under the quotient geodesic fiow. When the Bowen-Margulis measure 
rriBM is finite, there exists a unique (up to a multiplicative constant) Patterson density of 
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dimension 6r, and the set of points in T^M fixed by a nontrivial element of T has measure 
for rn-BM) see for instance | iRob2| p. 19]. Denoting the total mass of a measure m by 
||m||, the probability measure ||™'^^|| is then uniquely defined. We will often make the 

" " ||mBM|| 

assumption that m-QM is finite, see the introduction for examples. 

Let C be a nonempty closed convex subset of AI. We define the skinning measure ac 
of r on d\C, using the homeomorphism w i— )• from d\C to dooM — dooC, by 

= 6-5^/3™+ {^'c{«'+),^o) dfl^,{w+) . (11) 

We will also consider ac as a measure on T^M with support contained in d\^C. 

The skinning measure has been first defined by Oh and Shah [ OSl . §1.4] for the outer 
unit normal bundles of spheres, horospheres and totally geodesic spaces in real hyperbolic 
spaces, see also |HP31 Lemma 4.3] for a closely related measure. The terminology comes 
from McMullen's proof of the contraction of the skinning map (capturing boundary infor- 
mation for surface subgroups of 3-manifold groups) introduced by Thurston to prove his 
hyperbolisation theorem. 

When C is a singleton {x}, we immediately have 

dac{w) = dfi^{w+) . 

Let w £ T^M. When C = HB^{w) is the unstable lioroball of w, the measure 

,,su ~ 

is the well known conditional measure of the Bowen-Margulis measure on the strong un- 
stable leaf W^^{w) of w (see for instance [Mar3[ [Rob2| ). Similarly, we denote by 

SS / \ ( SU. \ 

= l'*[(^HB+{w)) = ^*(Mi,«)J 

the conditional measure of the Bowen-Margulis measure on the strong stable leaf W^^{w) 
of w. These two measures are independent of the element w oi a given strong unstable 
leaf and given strong stable leaf respectively. For future use, using the homeomorphism 
V V- from W^^{w) to dooM — {w^}, we have 

dfi'^iv) = e-'^r/3._(PHB+w(^'-),^o) dfi^^(^y_) . (12) 

We also define the conditional measure of the Bowen-Margulis measure on the stable leaf 
W^{w) of w, using the homeomorphism {v',t) ^ v = g^v' from W^^(w) x M to W^{w\ by 

dii^{v) = e-'^rt dif^{v')dt . (13) 

See for instance the assertion (iii) of the next proposition for an explanation of the factor 
g-dri ^jji j^qi^ need in this paper the similarly defined measure 
on the unstable leaf W^{w) of w. 

The following propositions collect some basic properties of the skinning measures. 
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Proposition 4 Let C be a nonempty closed convex subset of AI , and letac be the skinning 
measure ofT on d\C . 

(i) The skinning measure ac is independent of the base point xq. 

(a) For all 7 G r, Twe have 7=1,(7(7 = ^-yC- particular, ac is invariant under the stabiliser 
of C in r. 

(Hi) For all s > and w ^ d\C , we have 

{9% = e~^^' a,_^^c ■ 

(iv) The support ofac is {w G d\C : € AF} = i'Pc{AT — AT n doaC). In particular, 
ac is the zero measure if and only if AT is contained in dooC. 

It follows from (ii) that, for all 7 S F, we have 

SU. SU SS SS S S / A \ 

1*l^w /^7to) 1*l^w /^7to; 1*l^w l^yw • \^^) 

It follows from (iii) and from the equality io = g^^ o i that, for all t G M, we have 

{g% iC = e-'-' if^^. {9-% l^Z = e-'^' if^-^^. = e^^ . (15) 

Proof. The first assertion follows from Equation (fTOl) with r = S-p and the second part of 
Equation ([1]). The second assertion follows from Equation ([9]), the first part of Equation 
([T]), and the first assertion. 

To prove the third assertion, we note that since (g^w)+ = w+ and by the cocycle 
property ([T]), we have 

The fourth assertion follows from the fact that the support of any Patterson measure 
is the limit set of F. □ 

Given two nonempty closed convex subsets C and C of M, let r^cc = dooM— {dooCU 
dooC) and let 

hc,c' -.dlcn uPc{nc,c') ^dlc'n vPci^cc) 

be the restriction of vPc ° ^^c^ to d^C D uPci^cC')- It is a Holder homeomorphism 
between open subsets of d}^_C and d\C' , associating to the element w in the domain the 
unique element w' in the range with w'j^ = w^. 

Proposition 5 Let C and C be nonempty closed convex subsets of AI and h = hc^c ■ The 
measures h^ac and ac' on d\C' Ci uPci^cc) o-i"^ absolutely continuous one with respect 
to the other, with 

= e'5r/3»+(7rW,^K))^ 

dac 

for all w G d\C PI vPc{^c,C') o.'^d w' = h{w). 
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Proof. Since w'j^ = and by the cocycle property ([T]), we have 

Since w = i'Pc{w+) and vr o = and similarly for if', the result follows from the 
anti-symmetry of the Busemann cocycle. □ 

We endow the set Convex(M) of nonempty closed convex subsets of M with the (metris- 
able, locally compact) topology of the Hausdorff convergence on compact subsets: a se- 
quence (Cj)jgN of closed subsets of M converges to a closed subset C of M if and only 
if for every compact subset K in M, the Hausdorff distance between (Q n K) U '^K and 
{C n K) U tends to 0. Note that being convex is indeed a closed condition. We endow 
the set Measure(r^M) of nonnegative regular Borel measures on T^M with the (metris- 
able, locally compact) topology of the weak-star convergence: a sequence (/Uj)jgN of such 
measures on M converges to such a measure /u on M if and only if for every compactly 
supported continuous function / on M, the sequence (/^j(/))ieN converges to fi{f). 

Proposition 6 The map from Convex(M) to Measure(T^M) which associates to C its 
skinning measure ac is continuous. 

In particular, as the horoballs HB^{w) and HB^{w) depend continuously on id E T^M, 
the measures fj,^, fi^ and depend continuously on w. 

Proof. Let (Cj) be a sequence of nonempty closed convex subsets of M which converges 
to a nonempty closed convex subset C for the Hausdorff convergence on compact subsets 
of M, and let us prove that ac\ ^c- 

The sequence {d^Ci)i£^ of closed subsets of T^M converges to d^C for the Hausdorff 
convergence on compact subsets of T^M. The sequence {dooM — dooCi)i£fq of open subsets 
of dcx:iM converges to dooM — dooC for the Caratheodory convergence (that is, for the 
Hausdorff convergence of their complements). Hence, the sequences of maps (Pc*. )jgN and 
(i/PcJjgN converge to Pq and vPc respectively for the uniform convergence of maps on 
compact subsets dooM — dooC. Given two compact metric spaces X and Y and a finite 
Borel measure ^ on X, the pushforward map f from the space of continuous maps 

from X to y with the uniform topology to the space of finite Borel measures on Y with 
the weak-star topology is continuous. The claim follows from these observations, since 
the skinning measure on C is a multiple by a map depending continuously on C of the 
pushforward by a map depending continuously on C of the fixed measure fi^o- ^ 

The following result will be useful in Section [5j Recall (see Equation ([8])) that Vw,r is 
the open ball of radius R and center w in the stong stable leaf W^^{w) of u; G T^M for 
Hamenstadt's distance. 

Lemma 7 For every nonempty closed convex subset C in M , there exists Rq > such 
that for every R > Rq and every w E d]_C, we have /^^(Ko,ii) > 0. // dooC fl AT / 0, we 
may take Rq = 2. 
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Proof. By a standard comparison and convexity argument 
in the CAT(— l)-space M, for every w G d^C and every x £ 

C U dooC, the point 71(1x1) is at distance at most 21og(^-'y^) 
from the intersection between the stable horosphere H^(w) 
and the geodesic ray or hne between x and Hence, by 
Equation (j3|, for every ^' G dooC, we have 



(^0) < 



1 + ^5 




(u>)(C') 



Thus, if 5ooC n Ar 7^ 0, then we may take Rq = 2 > since by Proposition [4] (iv), 

the support of fj,^ is Ll>P^rss(^^•^{AT — AT n {w^}). 



Assume now that dnoC Pi AF 



By absurd, assume that, for aU n G N, there 



exists Wn G i9+C such that ^^,j(Ko„,n) = 0. Assume first that (i«n)neN has a convergent 
subsequence with hmit w G d^C. Since the measure fi^ depends continuously on v, for 
every compact subset K of W^^{w), we have fi^{K) = 0. By Proposition [J] (iv) and by 
Equation (I12p . the support of the Patterson measure ^^oi which is the limit set of F, is 
contained in This is impossible, since F is nonelementary. 

In the remaining case, the points n^Wn) in C converge, up to extracting a subsequence, 
to a point ^ in dooC. By definition of the map uPc and of d^C, the points at infinity 
{wn)+ converge to ^. For every r] in dooM different from ^, the geodesic lines from tj to 
{wn)+ converge to the geodesic line from r/ to ^. 

By convexity, if n is big enough, the geodesic line 
]r], {wn)+[ meets c/I^C, hence passes at distance at most 
2 from Tr{wn)- This implies (using Equation ([3]) as 
above) that if n is big enough, then there exists v G 
Vwn,n such that rj = v^. 

Since we assumed that Ai^„(14)„,n) = for all n G N, Proposition 2] (iv) implies that we 
have r] ^ AF. Hence AF is contained in {,^}, a contradiction since F is nonelementary. □ 

Let C be a nonempty closed convex subset of M, and let Uc be the open subset of 
T^M defined in Equation ([7|). Note that Uc has full Bowen-Margulis measure in T^M if 
the Patterson measure fJ-xidooC) of dooC is equal to (this being independent of a; G M), 
by the quasi-product structure of mBM • 

The following disintegration result of the Bowen-Margulis measure over the skinning 
measure of C is the crucial tool for the equidistribution result in Section [H 

Proposition 8 Let C be a nonempty closed convex subset of M . The restriction to Uc of 
the Bowen-Margulis measure ttibm disintegrates by the fibration fc '■ Uc — )• d}^C, over the 
skimiing measure ac of C , with conditional measure e^'"^"+*-'^*-"'^''^*-^^^ diJ.l^{v) on the fibi 




•er 



f< 



c 



of we dlC: 



Proof. For every ip G ^dUc), let = J^^u^ ¥'(^) dfriBMiv)- By the definition of Uc and 
of the Bowen-Margulis measure in Hopf 's parametrisation, we have 

[ [ [ ip{v) ^*^/^^o(^-)^^Mxo(t^+) 
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I.. 



For every v G Uc, let w = fc{v) = 

i'Pc{v+) and let s G M be such that V- = v'_^ /' "^^+ = v'+ = Wj^ 

v' = g~^v belongs to the strong sta- 
ble leaf W^w) of w. Note that, 
with t the time parameter of v in 
Hopf's parametrisation, the num- 
ber t — s depends only on V-^ and 



V- = v'_ 




Since the map from to d^oM — dooC defined by i— t- w+ and the map from W^^{w) 
to dooM — {w^} defined by v' i— v'_ are homeomorphisms, we have 



For every w E d\_C and v' G W^^iyS)^ we claim (explanations follow) that 



= dif^{v')dac{w) . 

The first equality holds by the definition of the measures /i^ (see Equation (jl2p ) and cxc" 
(see Equation (llip ). by the definition of the visual distance dx^ (see Equation ([2])), and 
since 7r(T;') belongs to the geodesic line between v'_ and Wj^ = v'_^_. The second equality 
follows from the cocycle property ([T]). The third one holds since tt{w) and tt{v') both 
belong to the stable horosphere of w. 

Hence, since (7r(t(;), 7t{v)) = s if v = g^v' and v' S W^^{w), and by the definition 
of the measure //^ (see Equation (jl3p ). we have 

[ [ [ ^{g''v')dsd^iZ{v')dac{w) (16) 

Jw& d\C Jv'e W^iw) Jsm 

ip{v) e^rl3^+inM,Av)) dfi%{v)dac{w) , 

which proves the result. □ 

We conclude this section by defining the skinning measures of equivariant families of 
convex subsets. 

Let / be an index set endowed with a left action (7, i) 1— )• 'ji of F. A family & = {Di)i^j 
of subsets of M indexed by / is T-equivariant if 'jDi = D^i for all 7 G F and all i £ I. 
We equip the index set / with the F-equivariant equivalence relation ~ (or when we 
want to stress the dependence on ^), defined by setting i ~ j if and only if there exists 
7 G Stabr Di such that j = 'ji (or equivalently if Dj = Di and j = 'ji for some 7 G F). 
Note that F acts on the left on the set of equivalence classes //~. 

An example of such a family is given by fixing a subset C of M, by setting / = F with 
the left action by translations on the left (7, i) 1— )• 72, and by setting Di = iC for every 
i G F. In this case, we have i ~ j if and only if belongs to the stabiliser Fc of C in F, 
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and //~ = T/Tq. More general examples include F-orbits of (usually finite) collections of 
subsets of M with (usually finite) multiplicities. 

A F-equivariant family (Di)i^j is said to be locally finite if for any compact subset K 
in M, the quotient set {i G / : A n K / 0}/~ is finite. 

Let & = {Di)i^j be a locally finite F-equivariant family of nonempty closed convex 
subsets of M. Then 

is a locally finite positive Borel measure on T^M (independent on the choice of representa- 
tives in I/^), called the skinning measure of on T^M. It is F-invariant by Proposition!?] 
(ii), and its support is contained in IJie//~ d\Di. Hence induces a locally finite Borel 
positive measure on T'^M = F\T^M, called the skinning measure of ^ on T^M. 

For every t € [0, +oo[, let = (^-Di)ig/, which is also a F-equivariant locally finite 
family of nonempty closed convex subsets of M. Note that by Proposition H] (iii), we have 

(5*)*o"s? = e'^^* as,, , 

and in particular 

\\^3>t\\ = e"^^* \W&\\ ■ 
Note that the measure a^^ is finite if and only if the measure is finite. 

If the image in M of the support of is compact, then cr^ is finite. In particular, if 
F is geometrically finite, the skinning measure of a Margulis neighbourhood of a cusp in 
F\M is finite, since for any parabolic fixed point p of F, the quotient of AF — {p} by the 
stabiliser of p in F is compact. 

Oh and Shah proved in particular that \\cr^\\ is finite if F\/ is finite, M is geometrically 
finite with constant curvature —1, & consists of codimension 1 totally geodesic submani- 
folds, and 6r > 1- See |OSll §5] for a precise statement of their result, that we generalise 
in the following section. 



4 Finiteness and fluctuation of the skinning measure 

We will say that a discrete group F' of isometrics of M has regular growth if there exists 
c > such that for every n G N, we have 

- e'^r' " < Card{7 E F' : d(xo, 7x0) < n} < c e^^' " . 
c 

This does not depend on xq, and the upper bound holds for all nonelementary groups F' 
(see for instance |Rob21 page 11]). If the Bowen-Margulis measure mBM on T^M is finite, 
then F has regular growth (there even exists an explicit c > such that Card{7 £ F : 
d{xQ,jXQ) < n} ~ c e^^"", see for instance |Rob2| ). If M is a symmetric space, then any 
discrete parabolic group of isometrics of M has regular growth. In particular, if M is the 
real hyperbolic space Hg, then by a theorem of Bieberbach, any discrete parabolic group 
F' contains a finite index subgroup isomorphic to Z'^ for some k G {0, . . . , n — 1} called the 
rank of p, and an easy and well known computation in hyperbolic geometry proves that 
the critical exponent of F' is 

Sr' = '^, (17) 
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and that T' has regular growth. Note that there exist complete simply connected Rie- 
mannian manifolds with pinched negative curvature having discrete parabolic groups of 
isometrics which do not have regular growth, see for instance |DOP| . 

Theorem 9 Let M be a complete simply connected Riemannian manifold with sectional 
curvature bounded above by —1. Let T be a geometrically finite discrete group of isometrics 
of M , of divergence type, with finite critical exponent. Let Si = {Di)i^j be a locally finite T- 
equivariant family of nonempty proper totally geodesic submanifolds of M , with T\I finite. 
Assume that for every parabolic point p of T and every i € I such that p S dooDi, the 
stabilisers Tp and F/). inT of p and Di, respectively, have regular growth and satisfy 

6r> 2{6r, - Sr^^nr,) . (18) 
Then the skinning measure of S on T^M is finite. 

We make some comments on this statement before giving its proof. 

Remarks. (1) When M is a symmetric space (in particular when M has constant sec- 
tional curvature —1), every geometrically finite group of isometries of M is of divergence 
type. This is not true in general, but holds true if 6r > for every parabolic point p of 
r, see |DOP| . As already said, 5r is finite for instance if M has a finite lower bound on its 
sectional curvatures. 

(2) Assume in this remark that the index of F/). n Tp in Tp is finite for every parabolic 
point p of r and every i € / such that p G dooDi. Then = Srj^ nTp, and this equality 

implies that the condition p8|) is satisfied. When M has constant sectional curvature 
— 1, the finiteness of o"^ follows from |0S1| Theo. 4.13] (which defines a parabolic point 
p € dooDi to be T-internal precisely when the index [PpjE/). n Tp] is finite). 

(3) By Equation pT|) . when M has constant sectional curvature —1, we recover [OSlj 
Theo. 5.2 (2)]. _ 

(4) Assume in this remark that M has constant sectional curvature —1, that the ele- 
ments of S have codimension 1, and that p G doo Di is a rank k parabolic point of F. In 
particular, = | by Equation (fT7|) . Let us prove that (Jr^, nFp > This will imply 
that the condition (jlSp is satisfied ii 5r > 1. 

Up to taking a finite index subgroup, and choosing appropriate coordinates, we may 
assume that p is the point at infinity in the upper halfspace model of M = HJ, that Tp is 
the lattice Z'^ of M'^ acting by translations on R*^ x M"-'=-i = M""! = SooHg - {p}, and 
that E = dooDi — {p} is a vector hyperplane of M"^^. We may assume that M'^ is not 
contained in E, hence that F = E is a vector subspace of dimension k — 1. Since 

the family S is locally finite, the subgroup Z'^ n is a lattice in F. Hence F^). n Tp is a 
parabolic subgroup of rank k — 1, which proves the result by Equation (|17p . 

(5) Theorem [9] is optimal, since when M = Ml, if there exists a parabolic point p G 
dooDi whose rank is 1 such that F/). n Tp is the trivial group, then 2{5yp — ^rjj.nrp) = Ij 
hence Equation p8|) is not satisfied if < 1 and the skinning measure ag is infinite by 
[Osn Theo. 5.2 (3)]. 

(6) The ideas of the proof of Theorem [9] are a blend of the ones of the finiteness of the 
Bowen-Margulis measure under a separation condition on the critical exponents in |DQP| 
(see also [PPS| for the case of Gibbs measures), and the ones of a generalisation to variable 
curvature of Sullivan's fluctuating density property in |HP2| §4]. 
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Proof. We may assume that T\I is a singleton. Let i € I. We may assume that 
dooDiOAT is nonempty. Otherwise indeed, the support ofaDi, which is the set of elements 
V £ d\Di such that Vj^ G AF (see Proposition |4] (iv)), is compact. Hence the support of 
is compact, therefore acg is finite. Let vr : T'^M — )• M and again tt : T'^M — )• M be 
the basepoint projections. Note that the skinning measure aof is finite if and only if its 
pushforward measure vr^cj^ is finite. In what follows, let e = ln(l + \/2)- 

Lemma 10 The support of the measure TTj^aOi, which is {PDiiO '■ C ^ — dooDi}, is 
contained in the closed e -neighbourhood of the convex hull '^AT. 

Proof. Let ^ G AL — d^cDi, let S^' £ d^cDi D AT, and let x be the closest point to ^ on 
Di. Then the geodesic ray from x to which is contained in Di by convexity, makes an 
angle at least ^ at x with the geodesic ray from x to ^. By a standard comparison result, 
the point x is hence at distance at most e from the geodesic line between ^ and which 
is contained in '^AF. □ 

Let Parr be the set of parabolic fixed points of T. Since T is geometrically finite (see 
for instance |Bowdl| ). 

• every p G Parr is bounded, that is, its stabiliser Tp in T acts properly with compact 
quotient on AF — {p}; 

• the action of F on Parr has only finitely many orbits; 

• there exists a F-invariant family (c^)pGParr of pairwise disjoint closed horoballs, with 

centered at p, such that the quotient 

Mo = F\(<^AF- U J^p) 

pGParr 

is compact. The inclusion C M induces an injection Tp\J^ — )• F\M and we will 
identify Tp\J^ with its image in F\M. 

By Lemma [TO] (and since the e-neighbourliood of Mq is also compact), we hence only 
have to prove the finiteness of 7r^,(j^(Fp\J^) for all p G Parr. 

Assume there exist p G Parr and i £ I such that p G 9oo-Cj. To simplify the notation, 
let Tp^i = Ti). n Tp, 6p^i = (5rp i, = and 6 = 6r- Let xq be a point in Di n dJ^p. 

Choose a representative for every right coset [7] in Fp\F, and denote it by the same 
symbol, such that 

d{xo,[y]xo) = min d{xo,a[y]xo) . 

Choose a representative for every right coset a in Fp^j\Fp, and denote it by the same 
symbol, such that 

d{xo,axo)= min d(xo,/3axo). 
Note that any 7 G F may be uniquely written 7 = /3a [7] with /3 G Fp^j, a G Fp_j\Fp and 

[7]erp\F. _ 

Let c^pi be the set of accumulation points in dooM of the orbit points a[7]xo where 
a G Fp.j\Fp and [7] G Fp\F. Since the limit set of Fp^j, if nonempty, is reduced to {p}, we 
haveMuU/3er,,/5^pti = Ar. 

Let ^p^i = i>Pj:)^{^p- — dooDi) n ■K^^{M'p). The images of ^p.j under the elements of 
Fp,j cover 7r~^(J^) n Suppaz)-. 
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Since Di is totally geodesic, since a geodesic ray with origin in has to exit unless 
it converges to p, and by the local finitcness of the family S', we only have to prove the 
finiteness of 5^. whenever such a pair {p,i) exists. 

Lemma 11 There exists ci > such that: 

(1) for all [7] G rp\r and a G Tp, the closest point on Jifp to Y)]xq is at distance at 
most ci from xq and for every y in the geodesic ray [xo,p[, we have 

d{y, ay) + d{y, xq) + d{xo, [-yjxo) - ci < d{y, a[y]xo) < d{y, ay) + d{y, xq) + d{xo, [-yjxo) ; 

(2) for all a G Tp^i\Tp and (3 G ^p,i, the closest point on Di to axo is at distance at 
most c\ from the geodesic ray [xo,p[ and 

max{(i(a;o, axo), ^(xo, /Sxq)} — c\< d{xo, f^axg) < iaaix{d{xo,axo), d{xo, Pxq)} + ci . 

In particular, it follows from this lemma that there exists C2 > such that ^p^i is 
contained in the C2-neighbourhood of the geodesic ray [a;o,p[. 

Proof. (1) For all 7 G F and a G Fp, let p^ be the closest point to 7x0 on J^p, which 
lies on the geodesic ray [7x0, p[, hence is at bounded distance from ^AF. Since J^p 
is precisely invariant, the point p^ belongs to dJ^. If p-y ^ a^^xo^'jxo, the angle at 
p-y between \p^,a~^xo] and [^7,7x0] is at least | by the convexity of J^p. Hence, by a 
standard comparison argument, the distance between pj and [a~^xo,jxo] is at most e. By 
the triangle inequality, we have 

d{a''^xo,p.y) + d{p^,'yxo) - 2£ < d{xo,a^xo) < d{a~^xo,p.y) + d{p^,-fXo) ■ 

These inequalities are also true if is equal to a^^XQ or to 7x0. Since p^ is at bounded dis- 
tance from 'rfATCidJ^ and since the action of Tp on 'rfATCid.J^ is cocompact, there exists 
a-y G Fp such that d(j)j,ajXo) is bounded. Since a~^pj = p^-i^ and by the discreteness 
of the orbit FpXo, the first claim of assertion (1) follows. 

This claim and the convexity of the horoball of center p whose boundary contains y 
imply that the length of the piecewise geodesic [[7]a;o,xo] U [xo,y] U [y,a~^y] is almost 
additive, yielding the second claim. 

(2) For all a G Fp, let Qa be the closest point to axo 
on Di. By the convexity of D^ and as in (1), the point 
qa lies at distance at most e of the geodesic ray [ccxcpf, 
hence is at bounded distance from a point in ^AF. Since 
Di is totally geodesic, the intersection DiCiJ^ is the convex 
hull of {Di n dJ^p) U {p}. Since the action of Fp on "^AF n 
dJ^ is cocompact, there exists hence (3a £ Fp^j such that 
the distance between fSaQa = IPaa and [xo,p[ is less than a 
constant. Let q'^ be the closest point to qa on [xo,p[. By 
quasi-geodesic arguments, there exists a constant c > such 
that 

I d{xQ,PaOlXQ) - 2d{xo, l^aQa) | < C , 

I d{xQ, axo) - 2d(xo, l^aqa) - 2d{qa, qa)\<c. 




17 



By the discreteness of the orbit TpXQ and the definition of the representatives of cosets in 
rp_j\rp, this proves that is at distance less than a constant from [3;o,|?[. 

For all a G rp^j\rp and /? G ^p,ij since (3~^Xq £ Di and is the closest point to axg 
on Di, we have 

d{l3~^xo,qa) + d{qa,axo) - 2e < d{l3~^xo,axo) < d{l3~^xo,qa) + d{qa,axo) ■ 

For every a' E Tp, let r^/ be the closest point to a'xo on 
[xo,j>[. Hence by the above argument, there exists c' > such 
that 



I d{xo, l3axo) — d{f3 ^xo,ra:) — d{ra,OiXo) \ < c . 
For all y G [xq,p[, we have 

d{axo,ra')+d{ra',y)-2e < d{axo,y) < d{axo,ra')+d{ra',y) . 

Let H' be the horoball centered at p whose boundary 
contains r„/ and let s be the intersection point of [a'xQ,p[ 
with dH. Then 

d{axo,ra') > d{axo,s) = d(r„/,xo) , 

since xq and a'xo are on the same horosphere centered at p. 

By an easy comparison argument, we have d{s,ra') < 1, hence 

d{a'xo,ra') < d{a'xo, s) + d{s, r^/) < d{xo,ra') + 1 . 

Applying this for a' = I3~^,a and y = r^, r^-i,a;o, we have 

I d{xo, l3axo) — d{f3~~^xo, xq) | < c' + 1 + 2e 

if r-a belongs to [xo,r^-i], and otherwise 

I d{xQ,l3axo) — d{xo,axo) \ < c +1 + 2e . 

This proves the result. 




• axQ 



a xq 



dJTp 



n 



The next lemma, which uses the regular growth property of Tp and Fp^j, implies in 
particular that the "relative" critical exponent of Fp modulo Fp^j is 6p — 6p^i (see for instance 
|Pau| for background on relative Poincare series). 

Lemma 12 There exists C3 > such that for every t £ [0, +00 [ , we have 

1 eiSp-^,i)t < Card{a e Fp ^rp : d{xo,axo) < t} < C3 e^^^'-^f-'^* . 
C3 

Proof. For all t € [0, +oo[, define 

f{t) = Card{a G Fp : d{xo,axo) < t} and g{t) = Card{/3 G Fp^j : d{xo,(3xQ) < t} . 
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Since Tp and Fp j have regular growth, there exists a constant c > such that for all 
t £ [0, +00 [, we have 

1 1 

- e'^f * < /(t) < c e^p * and - e'^f * < g{t) < c e^^'^ * . 
c c 

Also define E = Tp x (Fp^j\Fp) and h{t) = Card{a G Fp^jyFp : d{xQ,axQ) < t}. 
For all t > ci, we have, using Lemma [11] (2) to get the inequality, 

f{t — ci) = Card{(/3,a) G E : d(xo,/3axo) < t — ci} 

= Card{(/3,a) G £' : (i(xo, /3axo) < t — ci, d(xo, /3xo) < d(xo, axo)} 

+ Card{(/3,a) G -E : (i(xo,/3axo) < i — ci, d{xo,/3xo) > d{xo,axo)} 
< Card{(/3,a) G E : (i(xo,axo) < t, (i(xo,/3xo) < t} 

+ Card{(/3,a) G -E : (i(xo,/3xo) <t,t> d{xo,axo)} 
= 2g{t)h{t) . 

This gives the lower bound in Lemma [T2] 
Similarly, for all t > ci, we have 

fit + ci + 1) > Card{(/3,a) G E : 

t — ci < (i(xo, /Saxo) < t + ci + 1, d{xo, /3xo) < d{xo, oxq)} 
> Card{{/3,a) £ E : t < d{xo,axo) < t + 1, d{xo, /3xo) < t + 1} 
= g{t + l){hit + l)-hit)) . 

A geometric series summation argument gives the upper bound in Lemma [T2j □ 

The next lemma, which uses the assumption that F is of divergence type, gives a control 
on the Patterson measure fiy of ^pj^ as y converges radially to p. 

Lemma 13 There exists C4 > such that for every y on the geodesic ray [xo,p[, we have 

f^yi-^p^i) < C4 e(2('5p-'5p.O-'5)d(^o,l/) _ 

Proof. For all s > and y G M, for every subgroup F' of F, let 

Pr',y{s) = Y^ e-^'^(^'^-«) G [0,+oo] , 
7er' 

and let &y be the unit Dirac mass at the point y. Since F is of divergence type, the 
Patterson measure fiy is the weak-star limit as s — )• (5^ of the measures 



— \^ p-sd{y,'rxo) 



(see for instance |Rob2| ). By discreteness, there exists a finite subset F of Fp^j such that 
U^eF P^pi ~ i^*} ^ neighbourhood of -^p^ — {p} in AF — {p}. Since F is of divergence 
type, the measure has no atom at p (see for instance |Rob2| Coro. 1.8]). Hence there 
exists c > such that for every y G [rEo,p[ , we have 
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Let 

Qy{s)= e-^'^^y'^'y^ and R{s) = ^ g-^^^o, M^o) _ 

«erp,Arp [7]erp\r 

By the lower bound in Lemma [TT] (1), we have 

^-sd{y,a[j]^o) < gsci ^-sd{y,xo) _ 

Qerp,Arp, [7]6rp\r 

Similarly, by the upper bound in Lemma [TT] (1), we have -Pr,xo(s) ^ Prp,xois)R{s). We 
will prove below that the series Qy{5) converges. Hence (even if Prp,xoi^) = +c>o), we have 

^ ^"''^''^"^ ■ (19) 

By the convexity of the horoball of center p whose boundary contains y, there exist 
two constants c', c" > such that for every a S Tp, if d{y,ay) > c' then 

diy,ay) + 2d{y,xo) - c < d(xo,axo) < d{y,ay) + 2d{y,xo) . 

If d{y,ay) < c' then d(xo, axg) < 2d(y, Xq) + c', by the triangle inequality. We hence have, 
using the notation 1 1— ?■ h{t) introduced in the proof of Lemma [T2| 



Qy{5)= Yl e-^'^(^'°S')+ Yl ^~ 

ay) < c' d(y, ay) > c' 



£ E 1+ E 

(i(a:o , cTxo ) < 2 d(y, xq ) + c d{xQ, "axQ ) > 2 d{y, xq ) + c — c 

</i(2d(y, xo) + c') + e2^'^(2^'^«) ^ h{n + I) e-^"" . 

n>2d{y, xo)+c'-c"-l 

Since < C3 e^''p~'^P'*^* by Lemma [121 ^-^d by a geometric series summation argument 
since 6 — 5p + 6p^i > by the assumption psp , we therefore have 



Qy{5) < cs e^^p'^P'^'^'^' e'^^^p~^p-'^^'^^y'^°^ 

_)_ g'^p-'5p,i+2i5(^(y, 2^o) Y^ ^{Sp-Sp^^-d)n 

n>2 d{y, xo)+c' -c" -1 

for some d" > 0. Using Equation (jl9p . this proves Lemma [131 D 

Let p : [0, +co[ — t- M be the geodesic ray with origin xq and point at infinity p. For 
every n G N, let An be the set of points G dooM — {p} such that the closest point to 
on the geodesic ray p belongs to p{[n, n + 1]). Note that UneN ~ dooM — {p}. 

Lemma 14 There exists C5 > such that for every n E N, we have 
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Proof. For every ^ G j4„, since the angle at p{n) between [p{n),XQ] and [/j(n), ^[ is at least 
|- if n / 0, we have j3^{xQ, p{n)) > d(xo, p{n)) — 2e = n — 2e. Hence, by Equation pOj) and 
by Lemma [131 have 

After this series of lemmas, let us prove the finiteness of CT_D,;(=^p,j), which concludes 
the proof of Theorem [9j 

With Qn = ODi{^p,i n l^P£)^{An)), we Only have to prove that the series XlneN 
converges. For every ^ E '^pi H the point lies at distance less than a constant 

from p([n,n + 1]). Hence there exists a constant c > such that /^^(Pd,. (,^), xq) > — ^^ — c. 
By the definition of the skinning measures in Equation (jlip and by Lemma [T^ we hence 
have 

< g^c g(2(<5p-<5p,i)-<5)n ^ 

By the assumption 5 > 2((5p — (5p^j) in Equation (llSp . a geometric series summation argument 
proves that converges. This completes the proof of Theorem [9j □ 

5 Equidistribution of equidistant submanifolds 

Let M,T,xo,M and T^M be as in Section [2j Asume that the critical exponent 5r of 
r is finite. Let ifJ-x)^^]^ be a Patterson density of dimension 5r, with Bowen-Margulis 

measures rriBM and rriBM on T^M and T^M, respectively. Let ^ = {Ci)i^i be a F- 
equivariant family of proper nonempty closed convex subsets of M . Let '^t = {^tCi)i£i 
(in particular 'i^o = '^)) and let and (T<ifj be the skinning measures of 'lot on T^M and 
T^M, respectively. Let 0, = (rij)ig/ be a locally finite F-equivariant family of subsets of M, 
where Qi is a measurable subset of d^Ci with ctc". ((9ilj) = for every i £ I. Let ~ = ~q be 
the equivalence relation on / defined at the end of Section [3l As we have already defined 
when = let 

which is a F-invariant locally finite positive Borel measure on T^M (independent of the 
choice of representatives in // ~). Hence, an induces a locally finite positive Borel measure 
an on T^M. Note that g^^i C d}^,yVtCi and as in the end of Section [3l for every t > 0, we 
have that 

llVnII =e'^'*lkn||. (20) 

The aim of this section is to prove, under some finiteness assumptions, that the measures 
agtn on T^M equidistribute to the Bowen-Margulis measure on T^M as t — t- +oo. We 
start by introducing the test functions approximating the support of the measures a^tQ. 



21 



Assume that the number of orbits of F on the set of elements i £ I, such that the 
intersection dooCi H AF is empty, is finite (this condition is stronger than the requirement 
on ^ to be locahy finite). Under this assumption, by Lemma [71 there exists R> such 
that for every i £ I, for every w £ d^Ci, we have > 0, where V^^r is the open 

ball of radius R and center w for Hamenstadt's distance in the strong stable leaf W^^{w). 
We fix such an R. 

For every r/ > 0, let hfj^R : T^M — )■ [0, +oo] be the measurable map defined by 
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Note that _r is F-invariant by Equation (|14p and that h^j^Rog * = e h^,e~*R f™' 
every t G M: indeed, for every w G T'^M, we have by Equation (jlSp 



For every i £ I, let Yn,R,i = %],Ri^i) be the dynamical thickening of ilj defined at the 
end of Section [2j Note that j'fr],R,i = %],R,-yi for every 7 E F and every i £ I. 

We denote by XA the characteristic function of a subset A. We will use the test function 
'Pr) = 4'T],R,n '■ T^M — )■ [0, +oo[ defined by (using the convention c» x = 0) 

where fa ■ — ^ d]Ci is the fibration defined in Section [2j 



Lemma 15 The function (f)^ is well defined, measurable and T-invariant. Furthermore, 



for every t £ [0, +00 [ , we have </>^^ R,n° g * = e 



Proof. (1) The function (prj is well defined, since ilj = and 'frj,R,i = '^r),R,j if i ~ J, 
since h^^R o fdiv) is finite if t> G '^ri,R,i (by the definition of R), and since the sum 
defining (jjrjiv) has only finitey many nonzero terms, by the local finiteness of the family 
(given V, the summation over //~ may be replaced by a summation over the finite set 
{i£l:v£ 

(2) The function </)^ is F-invariant since X'^r, r ~ X-^-^t^ ^ ^ = Xi^ ^ _i . ^iid 

hri, Ro fc,o7 = hn,RO'yo f^-i^ =hn,RO fc^-i, 

and by a change of index in the above sum. 

(3) Let t > 0. We have 



and 



hr,,RO fc.og * = hr,,RO fc,=hr,,ROg * o o fa = e ^^%ri,e-^R ° f.MC, 



The last claim follows. □ 

Hence the test function (/)^ defines, by passing to the quotient, a measurable function 
4'r] = (prj, R, n ■ T^M — )• [0, +oo[ , such that for every t £ [0, -|-oo[ , we have 

(t>n, R,^° = e"'^''* <^r,, e-tR, 5*0 • (21) 
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Proposition 16 Assume that the Bowen-Margulis measure of T^M is finite. For every 
r] > 0, we have J c/)^ drriBM = llfnll- In particular, the function (j)^ is integrahle for the 
Bowen-Margulis measure if and only if the measure ctq is finite. 

Proof. Let z G / and let Ki be a measurable subset of Oj. By the disintegration result 
of Proposition [8] (more precisely by Equation (|16p ). and by the definitions of the function 
hr^^R and of the set = U«;en, Use ]-7?,r;[ we have 

/ hrj, R o fci drriBM = [ hrj,R{vu) I I ds dff^{v') daciiw) 

Let Ar be a fundamental domain for the action of T on T^M, that is, Ar is the closure of its 
interior, its boundary has measure for the Bowen-Margulis measure, the images of Ar by 
the elements of F have pairwise disjoint interiors and cover T^M, and any compact subset 
of T^M meets only finitely many images of Ar by elements of T. Such a fundamental 
domain exists since the Bowen-Margulis measure of T^M is finite (see for instance [Rob2[ 
page 13]). By the definition of the test function (/>^, we have 

/ (j)^ druBM = (pri drriBM = / hj^,R° fc, drfiBU ■ 

By the definition of the measure an, we have 

\\an\\ = an{Ar) = ^cA^r n Qi) . 

By an easy multiplicity argument, the result follows. □ 
Now, we can state and prove the main result of this paper. 

Theorem 17 Let M he a complete simply connected Riemannian manifold with sectional 
curvature bounded above by —1. Let T be a discrete, nonelementary group of isometrics 
of M , with finite critical exponent. Assume that the Bowen-Margulis measure m-QM of T 
on T^M is finite and mixing for the geodesic flow. Let = {Ci)i,^i be a T-equivariant 
family of nonempty proper closed convex subsets of M . Let il. = (f]j)jg/ be a locally finite 
T-equivariant family of measurable subsets Ui C S+Cj with aCi{OQ,i) = 0. Assume that aQ 
is finite and nonzero. Then, as t ^ +oo, 

1 * 1 

71 u'^qiQ 71 7" "^BM ■ 

\\(^gtn\\ IrbmII 

In particular, if 'i^ = {Ci)i^i is a locally finite L-equivariant family of nonempty proper 
closed convex subsets of M with finite nonzero skinning measure, then the skinning measure 
CTc^j on T^M oi'^t = i^Ci)iel equidistributes to the Bowen-Margulis measure on T^M as 

t +00. 

Proof. Given three numbers a, b, c (depending on some parameters), we write a = 6 it c if 
\a — b\ < c. 
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We may assume that r\/ is finite. Indeed, if J is a big enough finite subset of r\/, if 
J is the preimage of J by the canonical map / — t- r\/, since the measure ctq is finite, the 
contribution of the family ((7*$7j)jg7_j is negligible compared to the one of {g^Qi)i£j (they 
grow at equal rate as t tends to +00, by Equation (j20p ). 

Hence we may consider R > as was fixed in the beginning of Section [5] and, for every 
r] > 0, the test function cpn = <P'q,R,n as defined above. 

Fix ip G "^ciT^M). Let us prove that 

hm ^ I V d(^qm = 71 — - — n" / ^ dniBM ■ 
t->+oo \\agtQ\\ Jrpijyj " llmBMll Jt^m 

Given a fundamental domain Ar for the action of T on T^M as above, by a standard 
argument of finite partition of unity, we may assume that there exists a map -0 : T-^M — t- M 
whose support is contained in Ar such that tp = ip o where p : T^M — )• r\T^M is the 
canonical projection (which is 1-Lipschitz). Fix e > 0. Since ip is uniformly continuous, 
for every 77 > small enough, and for every t > big enough, for every w G T^M and 
V G yw,r,,e-tR, we have 

ipiv) = ipiw) ± I . (22) 

We have, using respectively 

• Equation (j2ip and the definition of ip for the first and second equality, 

• the definition of the test function 0.^ for the third equality, 

• Equation ([22|) and the fact that the support of ip is contained in Ar for the fourth 
equality, 

• the invariance of the Bowen-Margulis measure under the geodesic flow, and Equation 
(116p as in the proof of Proposition [16] for the flfth equality, 

• the definition of /i^_e-'H ^^'^ Proposition [16] for the sixth equality: 



Jt^m 



o g ^ ip drriBM 

'^^^ I (p^^^-tji^gtQlp dmBM = e'^^^ ^4>rj,e'iR,gm'4^ dniBM 
Jt^M ' JT^M 

-Srt / 1^^^ Q y^^^^ ^ dfriBM 

-5rt / ihr^,e-^Ri^) ° fynCi dmBM^T; <Pn ° 9^ drriBM 

-"^r* / h^,e-tRiw) i^{w) {2r]) iJ,^^{V^^^-tR) da.j^,c.±^ (p^ dniBM 



ml 

-Srt 



Hence, using Equation (|20p for the first equality, the previous computation for the second 
equality, the invariance of the Bowen-Margulis measure under the geodesic flow for the 
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third equality, and Proposition [TU] for the last one, we have, for r/ > small enough and 
t >0 big enough, 

IWg^nW e^rt||crQ|| llcjnll 2 

\Wq\\ 2 fj^i]^.j<p-^ dniBM 2' 

By the mixing property of the geodesic flow on T^M, for t > big enough (while rj is 
fixed), we have 

It^m^v V^og* dmBM _ Jtim ^ ^"^BM _^ e 
fT^M't'v drriBM INbmII 2' 

This proves the result. □ 

We conclude this section by proving Theorem [1] in the introduction. The definition of 
a properly immersed locally convex subset is recalled in the beginning of the proof. 

Proof of Theorem [H Let M, C be as in the statement of Theorem [H that is, they 
satisfy the following property. Let M — )• M be a universal covering of M, with covering 
group r. Let C — t- C be a covering map which is a universal covering over each component 
of C. The immersion from C to M lifts to an immersion f : C ^ M, which is, on each 
connected component of C, an embedding whose image is a convex subset of M. 

Let / = r X ttqC with the action of T defined by 7 • (a, c) = (7a, c) for all 7, a G F and 
every component c of C. Consider the family 'i^ = {Ci)i£i where Ci = a f{c) if i = (a, c). 
Then is a T-equivariant family of nonempty closed convex subsets of M, which is locally 
finite since C is properly immersed in M. The result then follows from Theorem 1171 □ 



6 Exponential rate of equidistribution 

Let M, r, M, T^M, rriBM, '^i and a^g^ be as in the beginning of Section [5l When the 
Bowen-Margulis measure uibm is finite, we denote by msM its normalisation to a proba- 
bility measure. 

In this section, we show, under the finiteness assumptions of Theorem \T7\ that when 
the geodesic fiow is exponentially mixing, the skinning measure equidistributes to the 
Bowen-Margulis measure with exponential speed. To begin with, we recall the two types 
of exponential mixing results that are available. In order to prove our estimates for the 
rate of equidistribution using these results, we will smoothen (accordingly to the two 
regularities) our test function c/)^ defined in the previous section. 

Firstly, when M is locally symmetric with finite volume, then the boundary at infinity of 
M, the strong unstable, unstable, stable, and strong stable foliations of T^M are smooth. 
Hence talking about "^^-smooth leafwise defined functions on T^M makes sense. We 
will denote by 'rf^{T^M) the vector space of smooth functions on T^M with compact 
support and by HV'H^ the Sobolev VF^'^-norm of any ip S "^^(T^M). Note that now the 
Bowen-Margulis measure rriBM 

of T^M is the unique (up to a multiplicative constant) 
locally homogeneous smooth measure on T^M (hence it coincides, up to a multiplicative 
constant, with Liouville's measure). 
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Given ^ € N, we will say that the geodesic flow on T^M is exponentially mixing for 
the Soholev regularity i (or that it has exponential decay of i-Sobolev correlations) if there 
exist c, K > such that for all (pjip ^ ^^(T^M) and all t G M, we have 



/ (j3o g * dniBM - <A dfriBM / ip dniBM 



< ce 



-K\t\ 



When r is a torsion free arithmetic lattice in the isometry group of M, this property, 
for some ^ S N, follows from |KMH Theorem 2.4.5], with the help of |Clo| Theorem 3.1] 
to check its spectral gap property, and of |KM2l Lemma 3.1] to deal with finite cover 
problems. 

Secondly, when M has pinched negative sectional curvature, then the boundary at 
infinity of M, the strong unstable, unstable, stable, and strong stable foliations of T^M 
are only Holder-smooth, hence the appropriate regularity on functions on T^M is the 
Holder one. We denote by C"(X) the space of a-H61der continuous real- valued functions 
with compact support on a metric space (X, d) , endowed with the Holder norm 

sup 



x,yex,xy^y d{x,y)°' 

Assuming the Bowen-Margulis measure rriBM on T^M to be finite, given a G ]0, 1[, we 
will say that the geodesic flow on T^M is exponentially mixing for the Holder regularity a 
(or that it has exponential decay of a-Holder correlations) if there exist k, c > such that 
for all V' G C^iT^M) and all t G M, we have 



/ 4>o g ^ djUBM - 4> dmBM / ip dmBM 



< c e 



-K\t\ 



This holds if M has dimension 2 by the work of Dolgopyat |Dol| or if M is locally symmetric 
by [Stol Coro. 1.5] (see also [Liv| when M is compact, the result stated for Liouville's 
measure should extend to the Bowen-Margulis measure). 

The following result gives exponentially small error terms in the equidistribution of the 
skinning measures to the Bowen-Margulis measure, when the geodesic flow is exponentially 
mixing. Here we state the result for skinning measures but, clearly, it remains valid if a^^ 
is replaced by agtQ as in Theorem [T71 

Theorem 18 Let M be a complete simply connected Riemannian manifold with pinched 
negative sectional curvature. LetT be a discrete, nonelementary group of isometrics of M . 
Assume that the Bowen-Margulis measure uibm ofV on T^M is finite. Let = {Ci)i,^i be 
a locally finite T-equivariant family of proper nonempty closed convex subsets of M , with 
finite nonzero skinning measure a^g. 

(1) If the geodesic flow on T^M is exponentially mixing for the Holder regularity, then 
there exist a G ]0, 1[ and k" > such that for all ip G C'^{T^M), we have, as t ^ +oo, 

--^ [ V dacg^ = ^ [ V diTLBM + 0{e~''"* ||^|U) . 
W'^tW J IRbmII J 

(2) Let £ G N. IfTis torsion free, if the geodesic flow on T^M is exponentially mixing 
for the Sobolev regularity i, then there exists k" > such that for all ip G (T^M), we 
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have, as t ^ +00, 

1 



V' da^^t = n n / ^ ^"^BM + 0{e " * . 



W'^tW J IRbmI 

Proof. Up to rescaling, we may assume that the sectional curvature is bounded from 
above by —1. The critical exponent is finite, since the curvature of M is pinched. We 
prove this result in the Holder case, the Sobolev case is proven similarly. 

Let a G ]0, 1[ be such that the geodesic flow on T'^M is exponentially mixing for the 
Holder regularity a and such that the strong stable foliation of T^M is a-H61der. 

Fix > and, for every 77 > 0, let us consider the test function (p^ = (pr),R,'^ as 
in Section [H Up to replacing d by J\^iCi^ we may assume that the boundary of Ci is 
C^'^-smooth, for every i £ I. 

Fix ij; E "^"(T-^M). We may assume as above that there exists a lift i/^ : T^M —)■ M of 
tp whose support is contained in a given fundamental domain Ar for the action of T on 
T^M. First assume that r\/ is finite. There exist r/o > and > such that for every 
r] G ]0,r/o], and for every t S [to,+oo[, for every w E T^M and v € Ko,T;,e-*_R) we have 

^(^;)=V;H + 0((7? + e-*r||^|U) , (24) 

since d{v,w) = 0{r] + e~*) by Equation ([5]) and Lemma [3j 

As in the proof of Theorem [17] using Equation (124p instead of Equation (I22p (see 
Equation (p3|) ). we have 

ip^ = w^.^°g*^BM ^ Q ^ e-rmia) . 

Applying leafwise a standard regularisation process of functions to Holder continuous 
functions, there exists k' > and, for every ry > 0, a nonneg ative function G 'rg'^{T^M) 
such that 

• J^ijy^ \^r) - <t>r]\ dfUBM = 0{r] J^ij^^ (Mbm), 

• W^nWa = 0(7]^'''' Jj,ij^^(prj dfflBM)- 

Hence, applying the exponential mixing of the geodesic flow, with k > as in its definition, 
since Jrpij^.jfprj dniBM, which is equal to ||(T^|| by Proposition [161 is independent of rj, we 
have, for r] £ ]0, rjo] and t £ [to, +00 [, 



+ 0{rj + (r? + e-*r IIV'IU) 



Jj,ij^ V o 5* dfUBM 



= I Vd^BM + 0((e-''V"' + ??+(^ + e-*)")||V'IU) . 

Taking rj = e~^^ for A small enough (for instance A = k,/{2k!) ), the result follows (for 
instance with k" = min{K/2, k/(2k'), a min{l, k/(2k')}} ), when r\/ is flnite. As the 
implied constants do not depend on the family the result holds in general. □ 
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